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ABsTRACT. Baba and Granath generalized Elkies’ theorem on infinitude of supersingular primes for elliptic
curves to abelian surfaces with quaternionic multiplication of discriminant 6, whose field of moduli is Q
and which are Jacobians in characteristic 2 and 3. We extend their result to arbitrary fields of moduli
admitting a real embedding and weaken the local conditions at 2 and 3. We also prove, under explicit
local hypotheses, the infinitude of supersingular primes for certain Kuga—Satake abelian varieties, extending
results previously established in the good reduction setting to a Shimura curve with bad reduction at a finite
place. The proofs use CM cycles on Shimura curves, together with arithmetic intersections, deformation
theory, and Cerednik—Drinfeld uniformization at the bad primes.

1. INTRODUCTION

1.1. Background. Elkies proved that an elliptic curve defined over a number field of odd degree has in-
finitely many primes of supersingular reduction |[Elk87|, and extended the result to elliptic curves over any
number field with at least one real embedding [Elk89]. This has been generalized to various families of
abelian varieties, including abelian surfaces with multiplication by the quaternion algebra of discriminant 6,
with field of moduli Q and which are Jacobians in characteristic 2 and 3 [BGO8b|, and certain Kuga—Satake
abelian varieties constructed from K3-type Hodge structures with real multiplication by F' on the trace zero
part of a quaternion algebra over F' [Che25|. For a detailed discussion of related works, see [Che25|.

1.2. The main results.

1.2.1. We extend the result of [BGO8b| to number fields with at least one real embedding, and weaken the
local conditions at the bad reduction primes 2 and 3. A special case of our main theorem is as follows.

Theorem 1.1. Let C be a genus 2 curve with Jacobian that has multiplication by the mazimal quaternion
order with discriminant 6, and has field of moduli a number field L with at least one real embedding. Assume
C' has potentially smooth stable reduction at primes above 2 and 3. Then its Jacobian has superspecial
reduction at infinitely many primes.

More generally, the coarse moduli variety of principally polarized abelian surfaces with potential multipli-
cation by the maximal quaternion order of discriminant 6 is isomorphic to P!, and an arithmetic j-function
(see in is defined in [BG08a|. In terms of this coordinate, the assumption at primes p above
2 and 3 in Theorem corresponds to the case v, (j(C)) = 0 by |[BGO8b| Proposition 2|, and our main
theorem can be stated as follows.

Theorem 1.2. Let C be a genus 2 curve with Jacobian that has multiplication by the mazximal quaternion
order with discriminant 6, and has field of moduli a number field L with at least one real embedding. Write
Jo = j(C) € L and Nmy,/g(jo) = 5§ with n,d € Z,(n,d,6) = 1,d > 0. Assume at least one of the following
conditions:
(1) vy(jo) <0 for p above 2,3, and [L : Q] + v3(dNmy,/q(27jo + 16)) is odd or jo has at least one real
congjugate in (—%,O);
(2) vy(jo) > 0 forp above 2, vy(jo) < 0 for p above 3, and jo has at least one real conjugate in (0,00);
(3) [L: Q) is even, vy(jo) > 0 for p above 2,3, and jo has at least one real conjugate in (—oo, —39) U
(0,00).
Then the Jacobian of C' has superspecial reduction at infinitely many primes.
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1.2.2.  We extend the result of |[Che25| to a family parametrized by a quaternionic Shimura curve over the
real quadratic field F' = Q(+/5), allowing the defining quaternion algebra to ramify at the finite prime po.

Theorem 1.3. Let F = Q(v/5) and B be the quaternion algebra over F ramified exactly at po and at one
real place of F. Let A be a Kuga—Satake abelian variety constructed as in |Che25| from a K3-type Hodge
structure with real multiplication by F = Q(\/5) on the trace zero part of B. If A gives an F-point on the
Shimura curve Shyc,(Go, H*) defined in [Che25| 2.1.4] and satisfies the local conditions[{.4.5 and then
A has supersingular reduction at infinitely many primes.

Remark 1.4. This is the case treated by [vG08, Proposition 5.7]. A generic Kuga—Satake abelian variety A in
the theorem is isogenous to A%, where A, is a simple abelian fourfold whose endomorphism algebra End”(A,)
is the definite quaternion algebra over (Q ramified at 2. Consequently, the theorem also proves the infinitude
of supersingular primes for the corresponding abelian fourfolds with definite quaternionic multiplication.

1.3. The proof ideas. Both proofs build on Elkies’ strategy for producing supersingular primes through
intersections with suitably chosen CM cycles on a Shimura curve. A common ingredient is that the relevant
Shimura curve admits a model isomorphic to P! over a totally real number field F, so that we may choose
a coordinate j. For an appropriate CM extension Ly = F(v/—=\) of F, we construct a CM cycle Py and
its associated polynomial Py(z) = [[,cp, (z —j(a)) € Flz]. After clearing denominators, the intersection
between the point x( corresponding to the fixed abelian variety and the CM cycle Py at a prime p is detected
by
vp (PA(j(z0))) > 0.

When such an intersection occurs, the condition

()7

implies that xy has supersingular reduction at p. To produce such a prime p, we must therefore understand
both the reduction of the CM cycle P, modulo primes dividing A and the signs of the real conjugates of
Pr(j(0))-

At a good reduction prime that ramifies in Ly, a deformation-theoretic method shows that the reductions
of the CM points in P, typically occur in pairs, apart from a small and explicitly determined set of excep-
tional points with extra automorphisms. By studying the endomorphism algebra, or the space of special
endomorphisms, of a point in the special fiber, we can use suitable congruence conditions on A to rule out
some of these exceptional points.

The signs of the real conjugates of Py(j(xo)) are determined by the positions of the real roots of Py
relative to j(xg). The real locus of the Shimura curve is the image of finitely many geodesics in its complex
uniformization, and the existence of a CM point in Py on a given geodesic is equivalent to the solvability
of an associated norm equation. Congruence conditions on A\ can be used to select the real components on
which the CM points occur. The archimedean hypotheses in the main theorems ensure that at least one real
conjugate of xg lies on a real component reached by the chosen CM cycles. An equidistribution theorem for
primes represented by these norm forms then allows the real CM points to be placed on the required side of
that conjugate while retaining the required finite congruence conditions on A, producing the desired sign in
the quadratic reciprocity formula.

To prove infinitude, we begin with a finite set S of primes and construct a new supersingular prime p ¢ S.
For every good prime q € S, we impose

<A> —1
q

This condition cannot be imposed when the quaternion algebra is ramified at q. Instead, we must show
directly that zy does not meet the chosen CM cycle in the special fiber at such g. This is the source of the
local hypotheses at the bad primes in our theorems. For example, in the discriminant 6 case, [BG08b| shows
that, in characteristic 2 and 3, the reduction of any CM cycle lies in the superspecial locus {j = 0,00}, and
the intersection formula of Heegner divisors in [KRO§| provides the new input that determines the specific
superspecial point for each chosen CM cycle. The local conditions on jy at primes above 2 and 3 ensure that
it avoids intersection with the chosen CM cycles at these primes.
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A more detailed, case-by-case study, where in each case A is chosen in a form adapted to the conditions,
allows one to weaken the local conditions and obtain a more general result. We expect this method to
apply to other families parametrized by Shimura curves, including variants of the settings considered in
[Ja003},Sad04, LMPT25| Che25].

1.4. Notations and conventions. Let F' be a totally real number field with narrow class number 1, and B
be a quaternion algebra over I split at exactly one real place p : ' — R. Let O = Op be a maximal order
of BE| In the two applications considered, we specialize either to F' = Q, with B the indefinite quaternion
algebra over Q of discriminant 6, or to F' = Q(\/g), with B ramified exactly at po and at one real place,
where p, denotes the unique prime of Q(1/5) above 2.

2. PRELIMINARIES
In this section, we recall the setup in [BGO8b| and |Che25|.
2.1. The Shimura curves. Let G = Resp/g GL1, B be the algebraic group over Q with é(@) = B*, and

K=0%= 110X C G (Ay). Since F has narrow class number 1, strong approximation implies that any two
maximal orders in the indefinite quaternion algebra B are conjugate to each other and the Shimura curve
Shz (G, HY) = G(Q)\HE x G(Ay)/K =T\H =T"\#,
where
I = {a € OF :nrd(a) € OF is totally positive},
I =0!'={aec0* nrd(a) =1}.
The reflex field of this Shimura curve is p(F').
Let Gy be the algebraic group over Q with Go(Q) = B*/F*, and Ky C Go(As) be defined as in
[Che25, 2.1.4]. Let T'* = {a € Npx(O) : nrd(«) is totally positive}. Since F' has narrow class number 1,
[*/F*T = Np« (0)/F*O* ~ 11 (Z./27)
prime ideal p|disc(B)
is the Atkin—Lehner group W (0O), and the Atkin—Lehner involutions give a finite morphism
Shz (G, H*) = T\H — I"\H = Shg, (Go, H*)

of degree 2#ﬁnite primes ramified in B

2.1.1. The case F = Q. Denote the discriminant of B by A. Fix an element 2 € O such that p? = —AE| then
the involution a + o/ = p~tau is a positive anti-involution on B. The Shimura curve Va := Shf((é, HE) =
fl\H is the coarse moduli space of isomorphism classes of [4, ], where A is a principally polarized abelian
surface, and ¢ : O — End(A4) is an embedding such that the Rosati involution defined by the polarization
on ¢(0) is | Fix an isomorphism to, : Bg — M3(R). For any point 7 on the upper half plane H, consider

the complex torus A, = C2/A,, where
Ar = 160 (O) G)

is a lattice in C2, the map ts, induces a natural embedding ¢, : O — End(A,) as O is closed under
multiplication. After possibly replacing p by —p once and for all, the Riemann form

A XA —Z,

(1) (7) ) (7)) 5 trduen)

11f F has narrow class number 1, then any two maximal orders in an indefinite quaternion algebra over F' are conjugate to
each other.

2The element 1 exists because the field Q(v/—A) embeds in B by the local-global principle, and any two maximal orders in
B are conjugate to each other.

3Given an abelian surface A and ¢ : O < End(A), there is a unique principal polarization on A such that the induced Rosati
involution is compatible with p.
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defines the unique principal polarization on A, compatible with ¢,. Let T'! be the image in PSLy(R) of
Loo(O1), then the map I''7 +— [A,, 1] gives a bijection T'\H — Va(C).

There is the natural forgetful map VAo — Ay from Va to the moduli threefold of principally polarized
abelian surfaces under which [A, ¢] maps to [A, C] where C is the unique principal polarization on A compatible
with ¢. Let Ea denote its image and ER denote the intersection of Ea with the image of the moduli space
of genus 2 curves under the open Torelli map.

From now on, let A = 6. By |[Rot04], the forgetful map V5 — Ay has degree 4 and factors as Vg —
Vo/W(O) ~ Eg — Ay, where the Atkin-Lehner group W(O) = {1, we, w3, wg}, and wy is represented by
some yq € O N Npx(O) with trd(xs) = 0, nrd(xq) = d. Moreover, there is a unique Npx(O)-conjugacy
class of embedding Z[v/—6] < O, then the image Fjg is independent of the choice of y and Eg is the moduli
space of principally polarized abelian surfaces with potential QM by O.

Vs

o

Eg‘—)Eﬁ

[

Mz‘—>./42

2.1.2. The case [F : Q] > 1. As in [Che25|, we consider the Shimura curve Shy, (Go, H*) as a finite quotient
of a Hodge-type Shimura curve, which parametrizes isogeny classes of abelian varieties with additional
structures. When F = Q(v/5) and B is the quaternion algebra over F ramified exactly at py and at
one real place of F, the Shimura curve I\H = Shf((é,"Hi) has signature (0;2,5,5) (|Voi09]) with an
F-rational point given by the elliptic point of order 2, and the Atkin—Lehner involution gives a degree 2
morphism Shf((é,’Hi) — Shg, (Go, HF). At an odd prime p, the image of f(p is Ko,p. The Shimura curve
Sh, (Go, H*) has signature (0;2,4,5) (|[Tak77]) and canonical model PL..

2.2. CM points. For A € Op totally positive, put Ly = F'(v/—A). The new local condition for Ly to embed
into B is given by
=M ¢ (F))?

for any prime p at which By, is division. Fix an embedding ¢ : Ly < B with ¢(Op,) C O, i.e., ¢ defines an
optimal embedding Oy, — O.

Remark 2.1. More generally, we can consider optimal embeddings R — O, where R is an order in Ly
containing Or[v/—A]. Note that at a prime p dividing disc(B), optimality forces Ly, N Op = Op, p; hence
p does not divide the conductor of R C O, .

The formal construction of the CM cycle from the torus
f,\ = ReSLA/Q Gm

and a cocharacter h is the same as in |Che25, §3.1], where Lemmas 3.1 and 3.2 generalize to the present
setting as follows.

—

Lemma 2.2. Let £ := {B € B*: B_l (Ln)BN 0= B_1¢(</)/_1(\O)>E}

(1) When B* = B*O*, the set of CM points {[h,e] : ¢ € E} on T\H corresponds to O -conjugacy
classes of optimal embeddings O, — O.
(2) The set of CM points {[h,e] : e € E} on T\'H has cardinality

o IL0-(5))

and is a union of Hp‘discrdB (1 — (%)) CM cycles.

Lemma 2.3. Complex conjugation defines an involution on the set of CM points {[h,e] : e € E}.
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2.2.1. Examples when F = Q and B ramified at 2,3. Let Op be an imaginary quadratic order of discriminant
D such that Op < O is an optimal embedding. The fixed point 7 of 1ox(Op) in H is a CM point, and
its corresponding abelian variety A, has Endqm(A;) ~ Op. From now on, let D < 0 be a fundamental
discriminant such that Op < O and Eg(D) denote the set of points with CM by Op. Let W denote the
subgroup of the Atkin-Lehner group generated by elements w,, where p|A is a prime ramified in Q(VD),
then the number of elements in Eg(D), counted with appropriate multiplicities, is

~ W(Op)

W=

By genus theory and |[CH88, (19.6)], the parity of A’ can be determined. Let [ be a prime. The relevant
cases considered in this work are summarized in the following table.

D h(Op) n
—4l, 1 =13 mod 24 | =2 (mod 4) | odd
—I, 1 =19 mod 24 odd odd
—3l,l=1mod24 | =0 (mod 4) | even

2.2.2. Examples when F' = Q(v/5) and B ramified at py. The elliptic points on Shf((é, H*) are CM points,
where the order-2 point corresponds to Or[v/—1] = O and the two order-5 points correspond to Or[(5] — O.

The py-Atkin-Lehner involution acts on the set of CM points {[h, €] : e € £}. It fixes two points: the unique
order-2 elliptic point corresponding to Op[v/—1] = O and a second point corresponding to Op[v/~2] — O;
it exchanges the two order-5 elliptic points. Since po is the only finite prime ramifying in B, the number
of images of those CM points on Shy, (Go, HT) is h(Ly) if po is inert in Ly. In particular, if X is a totally
positive prime of F' satisfying

(2.2.1) —A=0 (mod 4), —AZ0 (mod 8),
then po is inert in Ly and h(Ly) is odd by |[CHSS8| (13.7)].

3. PROOF OF THEOREM 1.2

In this section, we prove Theorem by applying the method of to three families of Heegner cycles.
In we recall the arithmetic j-coordinate on Eg and translate the results of |[Jao03| into this coordinate;
these results describe both the reductions of the associated Heegner polynomials modulo [ and the locations
of their real roots. In we use the arithmetic intersection formula of [KRO08| to determine their reductions
at the bad primes 2 and 3. Finally, in §3.3] we combine these results to produce a supersingular, and hence
superspecial, prime outside any prescribed finite set.

3.1. The coordinate functions. It is shown in [BG08al 3.6] that there is an isomorphism j = jg : E§ —
P1\{0, o} given by

121072

3.1.1 o 2 Jio
(3.11) AREZEETWAL

Denote the elements of Fg(D) to be aq,...,ap, and define

I

Pp(x) = b [ [ (= — (@),

i=1

where by, > 0 is the smallest integer such that Pp(z) € Z[z].

Elkies (|E1k98|) computed a different rational coordinate function t : Eg — P!, which is used in |Jao03].
The relation between the two coordinate functions is j = 16(¢ — 1)/27. In particular, from the following
correspondence of the coordinates of the elliptic points we can translate the results in [Jao03] to our setting.
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Elliptic point of order CM j t
6 Z @ oo | oo
4 Z V1] 0 |1
2 Z [\/—6] —g 0

Lemma 3.1 (|Jao03, Theorems 3.4.1 and 3.4.2]). Let ! > 5 be a prime. For discriminants D of the form in
the table, each root of Pp(x) mod I occurs with even multiplicity, except possibly for roots corresponding to
points on Eg which are congruent modulo | to one of the three elliptic points. The divisor of unpaired zeros
of Pp(z) modulo 1 is as follows: (see |Jao03, Theorem 3.4.2] for a complete list)

D divisor
—4l, 1 =13 mod 24 | (—16/27)
—I, 1 =19mod 24 | (—16/27)
—3l,l=1mod 24 ]

Lemma 3.2 (|Jao03, Theorem 3.3.1]). Let Il > 5 be a prime. For discriminants D of the form in the table,
the polynomial Pp(x) has at most one real root in each of the intervals Iy = (—oo, 7%)’ Iy = (fé—g, 0), and
I3 = (0,00), with the roots being located as follows: (see |Jao03, Theorem 3.3.1] for a complete list, * denotes
the presence of a real root in the interval)

D I | I | Is
—4l, 1 = 13 mod 24 *
—I, I =19 mod 24 *
—3l,l=1mod 24 | % *

Furthermore, for any subinterval and sub-congruence class of any starred entry, there exist infinitely many
primes | in that sub-congruence class for which Pp(x) has a real root in the subinterval.

Remark 3.3. Let F} = Q(v/2), F» = Q(v/3), F3 = Q(+/6), and ¢; be a fundamental unit of F}, i = 1,2, 3.
The claim that any subinterval of an interval I;, in which polynomials Pp with D of the specified form have
real roots, supports infinitely many such D follows from an equidistribution result ([Lan94, XV, §5]) for
primes in F;, by constructing a Hecke character o; : A;i — R/(lng;)Z given by

AL JFX T U) = ® x RX)/Up, = R/(In&;)Z,
ptoo

L lal
2 ol
If the polynomials Pp have real roots in both I;; and I;,, then the result generalizes to any open subset of
I;, x I;, by equidistribution of primes in the compositum Fj, F;,. For example, let F' = F}F3 and define
o = (01 0o Nmp/p,,03 0 Nmp/p,) : Aj — R/(Ine1)Z x R/(Ines)Z, then o(a,b,c,d) = (31In %, 3In %) for
(a,b,c,d) € RX x R* x R* x R* < A}, In particular, o(a, £,1,1) = (In|a[,0) and o(a,1,%,1) = (0,1n|al),
so the restriction of o to the subgroup of ideles of norm 1 is surjective. Let 7 : {primes of F'} — A} be the
map taking a prime p to an idele that is 1 at all places except a prime element of F}, at p, and A = oo,
then the set of primes of F' is A-equidistributed in R/(Ine1)Z x R/(Ine3)Z. Since a density 1 set of primes
of F lies above a totally split rational prime, the set

1 1

inlZt| =

{ (2 e

is equidistributed in R/(Ine1)Z x R/(Ines)Z.

(a,b) —

™ 3

!
3

In

) : [ rational prime, (1) = (m1)(71) in Fy, (1) = (73)(75) in Fg}

3.2. Integral model and intersection number at bad primes. In this subsection, we compute Pp(z)
modulo 2 and 3 by computing intersection numbers of Heegner divisors on the integral model of Fjg.

Let X = X3 6,m be the moduli space for abelian surfaces with additional structure as in [KRO8| §2]. An
integral model € of Eg (resp. V of Vg) is obtained as the quotient of X’ by a finite subgroup of order 4-2n(m)
(resp. 2n(m)), where n(m) is defined in [KRO8, (3.4)].
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Let p be a prime. For p # 2,3, the curve Eg has good reduction at p, and &, ~ ]P’%Fp. Suppose p|A. As

a consequence of the theorem of Cerednik-Drinfeld (see for instance [BC91|), the formal completion of the
integral model along its special fiber at p is isomorphic to a finite union of Galois twists (over unramified
extensions) of quotients of Mumford curves (|[Mum72]). Then the geometric special fiber &, of £ at p can
be viewed as a graph, and we follow |[Kur79| to compute its dual graph and thus determine &, .

Lemma 3.4. For p = 2,3, the special fiber &, ~ IED]%_P.

Proof. Let B' = B, be the definite quaternion algebra of discriminant %, and @' be a maximal order of
B', so that O’ ® Zq ~ O ® Z4 for any prime ¢ # p. Let

0y =O'[p~'1*/Zp™ '],

I ={yeB” 70 p 1= 0" ']}
regarded as discrete subgroups of PGL3(Q,), and .7 denote the Bruhat-Tits tree. We have graphs with
lengths I'y\ .7 and I'"*\ .7 defined by the quotient of the Bruhat—Tits tree [Kur79, §3]. The number of vertices
of TH\7 equals the class number h(B’) of B’ [Kur79, p.291].

As explained in detail in [Kur79|, the dual graph of the geometric special fiber Eﬁp is obtained from
I"*\ .7 by removing self-inverse edges. The graph I"*\.7 is a quotient of I'j\.7, and we have h(B3) = 1 and
h(Bs3) = 1, so both & and &g, consist of a single irreducible component. Since the generic fiber Eg ~ ]P’b,
which has genus 0 and a rational point, it follows that &, ~ Py, and &, ~ Py, . O

Consider X 2™ v 4 £ We will use [KRO8, (3.12)] to compute the arithmetic intersection number.

Let D be a fundamental discriminant, and Pp x be the Heegner divisor of discriminant D on X as defined
in |[KRO8, §2] and Pp¢e = erEﬁ(D)g be the divisor on £. On Vg, the universal automorphism group is
{£1}, the elliptic points of order 3 have CM by Z[HTH} and the elliptic points of order 2 have CM by
Z[v/—1]. The Atkin—Lehner involution ws has two fixed points (CM by Z[v/—1]), w3 has two fixed points
(CM by Z[H'T\/TB]), wg has two fixed points (CM by Z[v/—6]). For discriminants D < —6, we have

2 2-3

(3.2.1) (P_3.¢,Ppc)c = 1 W<P—3,XapD,X>Xa
2 2.2

(3.2.2) (P_1,e,Pp.g)e = 1 WWD%,X’PD,XH-

Recall [BGO8b, Lemma 3] that Pp(x) = 2™ mod 2 for some n and Pp(x) = +2™ mod 3 for some m. For
discriminants D considered in this work, we obtain a strengthened version by computing the local intersection
number of P_3 x or P_4 » with Pp x at 2 and 3.
Lemma 3.5. Let D be a fundamental discriminant.
(1) When 31 D, the local intersection of P_s ¢ and Ppe at p is 0 if —3D is not a square modulo 24p.
(2) When 21 D, the local intersection of P_s ¢ and Ppe at p is 0 if —4D is not a square modulo 24p.

Proof. This follows immediately from the intersection formula in [KRO08|, Theorem 3.2] and (3.2.1)),(3.2.2). O

Lemma 3.6. Letl > 5 be a prime. For discriminants D of the form in the table, the following reductions
hold:

D Pp mod 2 | Pp mod 3
—4l, I = 13 mod 24 zh +o"
—1, 1 =19 mod 24 1 '
—31,1=1mod 24 1 +1

Proof. For D = —4] where [ = 13 mod 24 or D = —[ where [ = 19 mod 24, since —3D is not a square modulo
72, the local intersection of P_3 ¢ and Pp ¢ at p = 3 is 0, then vz(j(a)) > 0 for every root j(a) of Pp(z),
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so Pp(x) = +ah (mod 3). For I = 1 mod 24, since 12! is not a square modulo 72, the local intersection of
P_4e and P_g ¢ at p =3 is 0, then v3(j(a)) < 0 for every root j(a) of P_g(z), so P_g/(z) = £1 (mod 3).

For D = —[ where | = 19 mod 24 or D = —3[ where [ = 1 mod 24, since —4D is not a square modulo 48,
the local intersection of P_4 ¢ and Pp ¢ at p = 2 is 0, then va(j(a)) < 0 for every root j(a) of Pp(x), so
Pp(z) =1 (mod 2). The case of P_4(x) mod 2 where [ = 13 mod 24 is proved in |[BGO8b, Lemma 6]. O

3.3. Proof of main theorem. An abelian surface with action of a maximal order in a rational quaternion
algebra B has either ordinary or superspecial reduction modulo primes not dividing the discriminant of B
(|Cla03), p.70] and [Rib89, p.23]). It therefore suffices to construct primes of supersingular reduction, for
which we follow Elkies’ general strategy.

The result is known when the Jacobian of C' is a CM QM abelian surface, so we may assume that j
is a non-CM point on the Shimura curve. Let S be a finite set of primes containing primes above 2,3
and all primes occurring in jo and 27jo 4+ 16. Write P = |Nm,,o(Pp(jo))|, @ = |Nmp (2750 + 16)|,s =
sgn(Nmz, /o(Pp(jo))), s’ = sgn(Nmy,,q(27jo+16)), and N = d" P where h/ = deg Pp. Let j; < jo < --- < j,
be the real conjugates of jg.

In each case, we are going to find some discriminant D with a rational prime p ¢ Nmy, (S) such that

vp(Pp(Jjo)) > 0 and ( ) # 1, then as in |[BGO8b|, there is a prime p ¢ S above p at which the Jacobian of
C has supersingular, and hence superspecial reduction.

(1) Choose a prime [ satisfying the conditions:
e [ =13 (mod 24),

o (_Tl) = 1 for every prime ¢ € Nmy, q(5)\{2, 3},

o P_y(x) has a real root j(a;) in a subinterval of (—12,0) to be specified later.

Let D = —4i. By |[BG0O8b, Lemma 6] and Lemma

P_y(z) =" (mod 4),
P_y(z) = +2"  (mod 3),
P_y(x) = (272 4+ 16)S(x)* (mod 1) for some S(x) € Z[z].

Since vy (jo) < 0 for all p above 2,3, we can choose d such that d[[ . o(jo) is integral for any T C
Hom(L, Q) and any prime dividing d lies in Nmy, /g(S5), then N,dQ € N and (N,6) =1, (dQ,2) = 1.
Suppose [ 1 N, then

(+)-)()-F) ()
E %) (7)=(7) (@)
( ;

_1\ [~
) (@ ) (@)
1 -l
NmL/@JO ) (s/?’[b@]deL/Q(jO)) (3”3(dQ)>
)[L Ql+vs(dQ)

If [L: Q]+ v3(dQ) is odd, let

e (L1816 ] 16
A o7’ o7 TSNS i T 9y

so that (274; + 16)P_4(j;) > 0 for each 1 <14 <r. If [L : Q] 4+ v3(dQ) is even, by assumption let j;

be the minimal real conjugate of jg in (7%7 0), and

jlar) € (jt, jew1)
8



so that (27j; + 16)P_4(j;) > 0 for each 1 < i < r,i # t and (27j; + 16)P_4(j:) < 0. (Here we set
Jr41 = 0.) In either case we have

—4 _ 1

~ )=

and there is a prime divisor p of NV such that

(29--

The conditions on [ and (NV,6) = 1 imply that p ¢ Nmy, /(S5) and v,(Nmp, ,o(Pp(jo))) = vp(N) > 0.
If I[N, then since | ¢ Nmp q(S) by construction, we can choose p = I.
Choose a prime [ satisfying the conditions:

e [ =19 (mod 24),
o (4) = (’71) = 1 for every prime ¢ € Nmy o(S)\{2, 3},
e P_;(x) has a real root j(a;) in a subinterval of (0,00) to be specified later.

Let D = —I. By Lemma Lemma [3.1} and [BGO8b, Lemma 4],
P_(z)=1 (mod 2),
P_i(z) = +z"  (mod 3),
P_(x) = 3(27z + 16)S(x)* (mod I) for some S(z) € Z[x].
Since vy (jo) > 0 for p above 2 and vy (jo) < 0 for p above 3, we can choose d such that d] ., o(jo)

is integral for any 7" C Hom(L, Q) and any prime dividing d lies in Nmz o(S)\{2}, then N,dQ € N
and (N,6) = 1. Suppose [ 1 N, then

(%)= (%)
(S(d Nmp,,q(3(27j0 + 16))))
l

B (55’3[“@] dQ)
B l

= ss'(—1) [L:Q]+v3(dQ)+v2(Q)

Let j; be the minimal real conjugate of jy in (0,00) and n (0 < n < r) be the number of real
conjugates of jo in (—32,0). If [L : Q] + v3(dQ) + v2(Q) is odd, let

j(a ) c (jt7jt+1) n 1s odd
(0, j¢) n is even

so that Nmp, o (P-i(jo)) Nmp g (2750 + 16) > 0. If [L : Q] + v3(dQ) 4 v2(Q) is even, let

i(a) € (Jt, jt4+1) m is even
(0, j¢) n is odd

so that Nmp, o (P-i(jo)) Nmp ,q(27j0 + 16) < 0. (Here we set j,41 = 0c.) In either case we have
-l
)= 1
(%)
and there is a prime divisor p of N such that
-l
-
p

The conditions on I and (N, 6) = 1 imply that p ¢ Nmy,,o(S) and v,(Nmy,,q(Pp(jo))) = vp(N) > 0.
If [|N, then since I ¢ Nmy o(S) by construction, we can choose p = I.

(3) Choose a prime [ satisfying the conditions:

e [ =1 (mod 24),



o (‘T?’l) = 1 for every prime ¢ € Nmy,,o(5)\{2, 3},

e the number of real conjugates of jy, between the two real roots of P_g;(z) is odd, so that

NmL/Q(Pfgl(jo)) < 0.

Let D = —3l. By |BG08b, Lemma 4], the only possible odd prime power in by is 3 where 3 is a
square modulo [. Then by Lemma [3.6 and Lemma[3.1]

P_g(z)=1 (mod 2),
P_g(z) =41 (mod 3),
P_3(x) = S(z)? (mod I) for some S(z) € Z[x].

Since vy (jo) > 0 for p above 2,3, we can choose d such that d]] . o(jo) is integral for any T' C

Hom(L,Q) and any prime dividing d lies in Nmy, /g (5)\{2,3}, then N € N. Since P_3;(x) is constant
modulo 6 and [L : Q] is even, we have

d" Nmp, o(P-3:(jo)) =1 (mod 6).
Suppose [ 1 P, then

S3\ (VY (=1 [ Nmue(PaGio) | (=1 L
N ) \3t) \3l 3] “\3 )~
since P_g;(x) is a square modulo [. There is a prime divisor p of N such that

(2)--

The conditions on [ and (NV,6) = 1 imply that p ¢ Nmy, /(S5) and v,(Nmp, ,o(Pp(jo))) = vp(N) > 0.
If I[N, then since | ¢ Nmp o(S) by construction, we can choose p = I.

Remark 3.7. One can try to weaken the local conditions further by considering Heegner cycles with more
general forms of discriminant D. For each prime p dividing D, the unpaired roots of Pp(x) modulo p can be
predicted by checking whether a maximal order in the definite quaternion algebra ramified at 2, 3, p contains
two relevant CM orders whose trace-zero elements anticommute, as computed in [Jao03, Theorem 3.4.2].
One can then impose conditions on the number of prime divisors of D and the congruence class modulo 24
of the primes dividing D, so that Pp(x) has no unpaired roots or Pp(x) has a single unpaired root from the
same elliptic point modulo each p | D. In addition, one imposes a congruence condition on D so that Pp ¢
is disjoint from one of P_3 ¢ and P_4 ¢ by Lemma The local conditions on jj are determined so that it
avoids intersection with these Pp at p = 2,3, and some real conjugate of jo and some real root of Pp lie in
the subinterval corresponding to one geodesic. For D not of the form —Np with N = 1,3,4,8,12,24, it is
possible that Pp(x) has multiple real roots in each subinterval, but we still expect an equidistribution result.

4. PROOF OF THEOREM 1.3

In this section, we prove Theorem by adapting the methods of [Che25| to the case in which the defining
quaternion algebra is ramified at a finite place. In §4.1] we study the reduction of the CM cycles at good
primes using special endomorphisms, paying particular attention to elliptic points with automorphisms of
even order. In we describe the real CM points on the relevant geodesics and apply Hecke equidistribution
to control their positions at the two real places of F. In we analyze the Cerednik-Drinfeld special fiber
at po and distinguish the reductions of CM points according to whether po is ramified or inert in their CM
fields. After recording the resulting local hypotheses in §4.4] we combine these ingredients in §4.5|to complete
the proof.

Throughout this section, let F' = Q(\/g) and B be the quaternion algebra over F' ramified exactly at po
and at one real place of F. Recall that p: F — R denotes the real place where B is split. Write O = Zl¢],
where ¢ is the fundamental unit satisfying €2 — e — 1 = 0 and p(e) < 0.

10



4.1. Integral model at good primes. Let p be an odd prime unramified in F' and suppose that By, is split
over F, for all p|p. Consider the integral model .”k, k» described in [Che25, §2|. Let x € Sk, k»(k) be a
closed point, L(A,;) be its space of special endomorphisms and V(A,) = L(A;) ®z Q. As a quadratic space
over F, V(A,) is positive definite at all real places and of dimension 3 with Hasse invariant ¢(V(A;)r,) =1
for all finite primes v { 2p, and e(V(Ay)p,) = —1 for v = pa. Moreover, if p is split in F, then V(A,) has
determinant 1 and the Hasse invariant of V(A;) is —1 at p over p corresponding to p' : F < W[p~!], and 1
at the other p over p, where p’ : ' — W/[p~!] satisfies p = 1 0 p’ for the fixed embedding ¢ : W[p~1] — C.
For an ./, kr-scheme T, a point in .k r»(T) gives a triple (A, A,7), where (A,X : A — AY) is a
polarized abelian scheme over T up to isomorphism and 7 € T'(T, ISﬂG(Hzp,yﬂlp)m Aln])/KP?) is a level

structure. Two points x1, 22 € Lk, k»(C), corresponding to (Ag,, A1, 71), (As,, A2, 72), are identified in .,
if there is a prime-to-p quasi-isogeny A,, — A,, that preserves polarization up to Z(Xp), sends s4,B,z, tO
Sa,B,z, and takes Ly, to Ly ., for all £ # p.

Proposition 4.6 of |[Che25| remains valid with the same proof. When z has no automorphisms of even
order, CM liftings of x to the cycle corresponding to Or, occur in pairs.

We now turn to the points with even-order automorphisms. When ps is the only finite prime ramified in

B, the proof of Lemma 4.5 in [Che25| can be modified to the present setting to obtain the following.

Lemma 4.1. Let p be a rational prime that is totally split in F. Suppose A, is supersingular and there
is an order-2 automorphism o € SO(V(Ay), Q) such that a(Leyis,s) = Leris,z under the identification
L(Ay) ®z W =~ Leyisz and o(Lg ) = Ly, under the identification L(Ay) &z Ze =~ Ly 5 for all £ # p, then
there is u € L(Ay) such that Qw(u) =1 or 2 and a(u) = u.

Proof. The proof follows that of |Che25, Lemma 4.5], with the only modification being that there is no
control on the parity of the valuation of Q% (u') € F}, for the constructed v’ € V(A,), leading to the two
possibilities for Q' (u) after scaling. a

Let p be a large enough rational prime that is totally split in ' and A be a totally positive prime of F' above
p corresponding to p’ : F — W[p~1]. Let x € Yk, (k). Suppose A, is supersingular, z has an even-order
automorphism, and there is e € L(A,) with Qx(e) = A. A slight modification of |[Che25, Lemma 4.9(1)]
shows that the special endomorphism u € L(A;) constructed in Lemma is orthogonal to e. Since V(Ay)
is a ternary orthogonal space of determinant 1 and Hasse invariant —1 at A, if

-1
<)\) =1
then we cannot have Q(u) = 1 in Lemma if
<_2) =1
)\ )

then we cannot have Qz(u) = 2 in Lemma In particular, when the totally negative prime —\ is a square
modulo 4 and a nonsquare modulo 8, then at A the CM cycle intersects the order-2 elliptic point but not
the order-4 elliptic point.

4.2. Real points. The unit e satisfies Np/g(e) = €(1 — €) = —1. The quaternion algebra

—e,—1
B~ | ———= )[4
Sl

B~ {(_“b, é’,) cabe F(ﬁ)}7

where ’ denotes the nontrivial involution of F(y/—¢)/F. Let
(e 0 (0 1 (0 e
“‘(0 V=) "7 \-1 0) T \v=e 0 )¢

4This is the quaternion algebra split at all odd primes and at exactly one of the real places p; of F.
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An explicit maximal order is

020F+0F,LL+OFV+OF1+(2 6)N2V+(2 E)ILLI/.
The element
we =14+v

has reduced norm 2 and normalizes O. It represents the ps-Atkin—Lehner element.

Let ¢ : H — T'o\H be the natural map. As in [Che25| 5.1], the action of complex conjugation on the
Shimura curve I'p\H satisfies

p(2) = p(a(2)),

for any o € Npx (O) with p(nrd(e)) < 0. For such o with trd(«) = 0, if there is a CM point z € H, fixed by
v € O with trd(v) = 0 and nrd(v) = A, lying on the geodesic Z,, then since ava™1(z) = av(z) = a(z) = 2,
we must have ava™ = o = —v (ava™t # v as v ¢ F(a)), which implies v 1 a. Consider (B, N := nrd)
as a quadratic space over F, and let A be the orthogonal complement of F(«). The choice of « gives an
optimal embedding of R < O, where R is an order of F'(«) containing Op[a]. The multiplication in the
quaternion algebra gives A N O the structure of a module over R such that N(aw) = Nmp(,),/r(a)N(w) for
a€ RweANO.

The field F has narrow class number 1. The prime py = 20p ramifies in F(v/—¢) and F(v/—2¢), and

both fields have class numbers 1. Consequently, as in [Che25, 5.1], we may assume the real points of T'\'H
are given by the image under ¢ : H — I'\'H of the two geodesics

(4.2.1) Z, ={iy 1y > 0},
(4.2.2) Zpsyw =z +iy: (z—1)? +4y* =2,y >0}

Let A € O be totally positive and suppose there is a CM point fixed by v € O with trd(v) = 0 and
nrd(v) = A. If the CM point lies on Z,,, then

v =TV + Yyuv,
where z,y € Op satisfy the condition
A=22+ef = Nmp /=) r(@ +yv—e).
If the CM point lies on Z,,4,,,,, then
v=av+y(p—pv),
where z,y € OF satisfy the condition
A= 2% +2ey® = Nmp( =g, 1 (@ + yv/—2e).

Now assume ) is an odd prime satisfying (2.2.1)), then ) is not represented by 22 +ey?, while )\ is represented
by 2% + 2ey?. Therefore there are no CM points with CM by F(v/—)) on the norm e real geodesic. Put

S = Oplp + ] C F(vV=2¢).

The relevant CM elements are exactly

v = av, a€s, Np(y=ze)p(a) = A
If a1,a2 € S both have norm A, then the ideals (a1) and (a2) are invertible prime ideals in S above (A).
Hence
ay =ua; or ap=ua) =uvar "

for some norm-one unit v € S*, where ' denotes the nontrivial involution of F'(v/—2¢)/F. Note that
n:=2(1—¢€) + (e —2)(u + pv) € S normalizes O and nun~! = (5 + 2v/5 — (4 + 2v/5) (i + pv))v, where
5+2v5 — (4 4+ 2v/5)(u + pv) is a generator of the rank 1 group S*! := {u € §* : Nmp( =z p(u) = 1} ~
7/27 x 7. Therefore, there is a unique real CM point

gﬁ( wWopld A )
z+yy/—ple) [z +yy/—ple)l



corresponding to an optimal embedding O, — O, where x,y € O satisfy A\ = 2% + 2ey?. This real CM
point lies on the image of the geodesic Z,,4,, = {z + iy : (v — 1)*> + y* = 2, y > 0}. Moreover, by Hecke’s
equidistribution, for any open segment of the geodesic and any subclass of the congruence class specified in
, there exist infinitely many primes X in the sub-congruence class such that the unique real CM point
corresponding to Op, — O lies in the image of the open segment.

For the application we should apply the preceding construction simultaneously to the two conjugate

Shimura curves. The field F (\/ —2¢,4/—2(1 —e)) has class number 1. Applying the construction of

[Che25, Lemma 5.4] gives a Hecke character from A

F(\/—Te,,/—2(1—e))
geodesics. Hecke equidistribution gives infinitely many totally positive primes satisfying the prescribed finite
congruences and the two independent conditions at the two real places.

onto the product of the two real

4.3. Integral model and reduction of CM points at the bad prime. Consider the Cerednik—Drinfeld
integral model at the ramified prime ps. Recall that B is ramified at po and at the real place ps. Let B’
be the definite quaternion algebra obtained from B by interchanging local invariants at ps and at the split
real place p;. Thus B’ is ramified exactly at the two real places and is unramified at every finite place. Let
O’ C B’ be a maximal order.

We follow Kurihara [Kur79| to compute the quotient of the Bruhat—Tits tree, which is dual to the graph
of the geometric special fiber. Let .7 denote the Bruhat-Tits tree of PGLy(F},), and put

b= 0271 O[271]* C PGLy(Fy,).

The vertex set of I'(\.7 has cardinality equal to the class number of this definite quaternion algebra B’.
In the present case this class number is 1. Since the Shimura curve Shg, (Go, HT) has genus 0, by [Kur79,
Proposition 3-2|, the graph T'(\.7 only has self-inverse edges. The vertex v in .7 corresponding to (’);2 has
stabilizer T, , ~ O" /O in T{,. Note that the reduction map 0" /Oy — PGLy(F4) is an isomorphism, so
'y, acts transitively on the 4 + 1 = 5 edges around v.

Consequently, the geometric special fiber of the Cerednik-Drinfeld model at py is P! and there is a
distinguished smooth point corresponding to the image of edges in I'y\.7.

In the setting of a Shimura curve with Cerednik-Drinfeld reduction at a finite ramified place v, the
reduction of a CM point corresponds to the image of a singular point in the special fiber (edge in the
Bruhat-Tits tree) precisely in the ramified case (see [Sae24, Proposition 2.17] for a proof). Applying this
at v = py, the CM points for which ps ramifies in L) and the CM points for which ps is inert in L) have
disjoint reductions on the Cerednik-Drinfeld special fiber.

4.4. Local conditions.

4.4.1. Coordinate function. The order-4 elliptic point is F-rational and is CM by F(y/—1). Choose an
integral coordinate on the coarse P-model by applying an element of PGLo(OF) that sends this section to
00. Denote the resulting coordinate by j.

4.4.2. Local condition at the real places. At the real places p1, p2, we impose at least one of the following
conditions on the coordinate jy of the fixed abelian variety A under consideration:

(1) p1(jo) lies on the geodesic between the order-2 elliptic point and order-4 elliptic point defined by
a € Npx(0) with trd(«) = 0 and nrd(«) = 2¢;

(2) p2(jo) lies on the geodesic between the order-2 elliptic point and order-4 elliptic point defined by
a € Npx (0) with trd(«) = 0 and nrd(a) = 2(1 — €).

4.4.3. Local condition at the bad prime. With the choice of coordinate j, the condition vy, (jo) < 0 is equiv-

alent to jo specializing to the distinguished point corresponding to the image of edges in the Bruhat—Tits

tree. We impose this local condition on the coordinate of the fixed abelian variety A under consideration.
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4.5. Proof of main theorem. Let j; be the coordinate of the point on the Shimura curve Shy, (Go, H*)
given by the fixed abelian variety A. The result is known when A has complex multiplication (see |Che25|
3.10]), so we may assume that jo is a non-CM point on the Shimura curve. Assume j, € F satisfies the local
conditions 4.3 and

Let jo be the coordinate of the order-2 elliptic point. Recall that the coordinate function is chosen such
that oo is the order-4 elliptic point. Let S’ be a finite set of rational primes such that S’ D {2,5} U {p :
vp(Jo) # 0 or vy(j2) # 0 or vy (j2 — jo) # 0 for some prime p of F' above p}. Let S be the set of prime ideals
of F' above the primes in S’. Let dy € OF be a totally positive denominator of jy such that dojo € O and
(do,dojo) = 1. In particular, all primes dividing dj lie in S.

For a large enough totally positive prime A ¢ S of F satisfying , let aq, ..., ap be the j-coordinates of
the CM points in the CM cycle corresponding to optimal embeddings O,/ =x) < O, where h = h(F(vV=X))
is odd, and define the polynomial

=

Py(z) = | |(z — ).

~

1

By construction, the CM cycle has reflex field Ly and it is stable under complex conjugation. Thus Gal(F/F')
permutes oy, ..., ap, and Py(x) € Flz]. Let by € O be the totally positive denominator of Py(x) such that
by Py () is primitive. Note that ay,...,ap € Hp /=) where Hp(y=x) is the Hilbert class field of F/(v/=)\).
The principal prime ideal (v/—\) of (’)F(\/j)\) splits completely in H := HOF[\/T)\]- Let [ be a prime of H

above \. By the choice implies that vi(a) > 0 for all k =1,...,h, then A {b). By since
p2 is ramified in F(y/—1) and inert in F(v/=X\), we have vy, (c) > 0 for all k = 1,...,h, then 21 by.

As explained in the roots of Py(x) modulo [ occur in pairs, except for those congruent to jo. From
the assumption that A ¢ S, we have v((dy) = 0, then modulo [, we have

(4.5.1) dg’b)\PA(jo) = dobx(Jo — j2) - square (mod ).
Write do(jo — j2) = (—1)%¢"2™n where s,t € {0,1}, m € Z, and n € F is totally positive with vy, (n) = 0.

The assumption (2.2.1) implies

By the equidistribution result discussed in there exists a totally positive prime A ¢ S of F' such that

(1) =X\ is a square modulo 4 and not a square modulo &;

(2) =\ is a square modulo all odd primes in S;

(3) If t + m is even, then Py (jjo) is positive at one real place and negative at the other; if ¢t + m is odd,
then Py (jo) is totally positive or totally negative.

If \ divides dlby Py (jo), then jo is a root of by Py(z) modulo some prime above A, where the prime ()) is
ramified in F(v/=\). Thus, the section defined by jo meets the closure of the CM cycle defined by Ly at a
prime above (\) ¢ S, where the corresponding CM Kuga—Satake abelian variety has supersingular reduction.
Assume A does not divide dby Py (o), then

dlby P (jo) -

( 1)sgn(ﬁl(P,\(J'o))Jrsgn(ﬁz(P,\(Jo))_1 (dob,\(jo —jz))
J— 2 -

(%) |
(&)

=1

For the last equality, note that for q ¢ {(2),(v/5), ()}, the order-4 stabilizer of co implies that v (by) is
divisible by 4 (see for instance [Che25, Lemma 2.5(2)]; only its evenness is used). Thus, there is a prime p
14



with vy (dhby Py (jo)) odd such that (‘T)‘) = —1. Note that p # po since vy, (jo) < 0 and vy, (ag) > 0 for all

k=1,...,h. Moreover, p ¢ S since (%) =1 for every odd prime q in S. Then v, (b)) is even and j is a

root of by Py (z) modulo some prime above p. Therefore, the section defined by jo meets the closure of the
CM cycle defined by L) at a prime above p ¢ S, where the corresponding CM Kuga—Satake abelian variety
has supersingular reduction.
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